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We investigate the magneti behavior of nulear spins embedded in a 2D interating eletron gas
using a Kondo lattie model desription. We derive an eetive magneti Hamiltonian for the nulear
spins whih is of the RKKY type and where the interations between the nulear spins are strongly
modied by the eletron-eletron interations. We show that the nulear magneti ordering at nite
temperature relies on the (anomalous) behavior of the 2D stati eletron spin suseptibility, and
thus provides a onnetion between low-dimensional magnetism and non-analytiities in interating
2D eletron systems. Using various perturbative and non-perturbative approximation shemes in
order to establish the general shape of the eletron spin suseptibility as funtion of its wave vetor,
we show that the nulear spins loally order ferromagnetially, and that this ordering an beome
global in ertain regimes of interest. We demonstrate that the assoiated Curie temperature for the
nulear system inreases with the eletron-eletron interations up to the millikelvin range.
PACS numbers: 71.10.Ay,71.10.Ca,71.70.Gm
I. INTRODUCTION
In the last deade, the eld of spintronis has seen re-
markable progress.
1,2,3
Among them, the possibility of
onning eletron spins in quantum dots opens the door
to quantum spintronis. This is based on the possibil-
ity of ontrolling and manipulating single eletron spins
in order to build devies able to ahieve operations for
quantum information proessing. The most promising
and hallenging idea is the use of spins of onned ele-
trons in quantum dots to realize quantum bits.
4
Within
the last years, all the neessary requirements for spin-
based quantum omputation have been realized experi-
mentally, going from the oherent exhange of two ele-
tron spins in a double dot
5
to the oherent ontrol of
a single eletron spin, inluding the observation of Rabi
osillations.
6
These ahievements have beome possible
beause eletron spins in semiondutor quantum dots
are relatively weakly oupled to their environment and
therefore long lived quantities, quite robust against de-
ay. Indeed, longitudinal relaxation times in these sys-
tems have been measured to be of the order of 1sec.7,8,9
A lower bound on the spin deoherene time for an en-
semble of eletron spins in GaAs quantum dots has been
measured to be typial larger than 100 ns,10 while a o-
herene time in a single quantum dot exeeding 1 µs has
been reently ahieved using spin-eho tehniques.
5
It is
by now well established that one of the major soures
of deoherene for a single eletron spin onned in a
quantum dot is the ontat hyperne interation with
the surrounding lattie nulear spins.
11
One possibility to lift this soure of deoherene is the
development of quantum ontrol tehniques whih ee-
tively lessen or even suppress the nulear spin oupling
to the eletron spin.
5,12,13
Another possibility is to nar-
row the nulear spin distribution,
14,15,16
or dynamially
polarize the nulear spins.
11,14,17,18,19
However, in order
to extend the spin deay time by one order of magnitude
through polarization of the nulear spins, a polarization
of above 99% is required,
14
quite far from the best result
so far reahed in quantum dots, whih is around 60%.
19
A ommon point to the aforementioned approahes is
their aim at mitigating nulear spin utuations by ex-
ternal ations. Reently, the possibility was raised of
an intrinsi polarization of nulear spins at nite but low
temperature in the two dimensional eletron gas (2DEG)
onned by the GaAs heterostruture.
20
The nulear spins within the 2DEG interat mainly
via the Rudermann-Kittel-Kasuya-Yosida (RKKY)
interation,
21
whih is mediated by the ondution
eletrons (the diret dipolar interations between the
nulear spins are muh weaker, see below). An intrinsi
nulear spin polarization relies on the existene of a
temperature dependent magneti phase transition, at
whih a ferromagneti ordering sets in, thus dening a
nulear spin Curie temperature.
The rst estimate of suh a Curie temperature was ob-
tained for three-dimensional (3D) metalli samples, using
a Weiss mean eld treatment by Fröhlih and Nabarro
more than sixty years ago.
22
They determined the nu-
lear spin Curie temperature to be in the mirokelvin
range or less for 3D metals. A Weiss mean eld treat-
ment also gives a nulear spin Curie temperature Tc in
the mirokelvin range for a typial 2DEG made from
GaAs heterostrutures,
20
yet a more detailed analysis
is desirable for at least two reasons. First, a Weiss
mean eld analysis does not take into aount properly
the dimensionality of the system, and seond ignores
eletron-eletron (e-e) interations. In two dimensions
(2D), the Mermin-Wagner theorem
23
states that there is
no phase transition at nite temperature for spin sys-
tems with Heisenberg (isotropi) interations, provided
that the interations are short-ranged enough. However,
RKKY interations are long-ranged and stritly speak-
2ing, the Mermin-Wagner theorem does not apply, al-
though a onjeture extending the Mermin-Wagner the-
orem for RKKY interations due to non-interating ele-
tron systems has been reently formulated (and proved
in some partiular ases).
24
In Ref. 20, we started from a Kondo lattie desrip-
tion for the system omposed of nulear spins and ele-
trons, then derived a rather general eetive Hamiltonian
for nulear spins after integrating out eletron degrees
of freedom, and nally performed a spin wave analysis
around a ferromagneti ground state (whih we assumed
to be the lowest energy state). We indeed showed that
Tc = 0 for non-interating eletrons in agreement with
the latter onjeture. However, taking into aount e-e
interations hanged drastially this onlusion. It turns
out that e-e interations modify the long range nature
of the 2D RKKY interations (whih are diretly re-
lated here to the stati eletron spin suseptibility) and
thereby allow some ordering of the nulear spins at nite
temperature.
20
Furthermore, we showed that the temper-
ature sale at whih this ordering takes plae is enhaned
by e-e interations.
20
The study of thermodynami quantities in interating
eletron liquids (espeially in 2D) has attrated some
theoretial
25,26,27,28,29,30,31,32,33,34
and experimental
35
interest reently with the goal to nd deviations from the
standard Landau-Fermi liquid behavior. It is therefore
quite remarkable that the marosopi magneti proper-
ties of nulear spins in a 2DEG, and thus their nite tem-
perature ordering, are diretly related to the orretions
to the the stati eletron spin suseptibility indued by e-
e interations. They may therefore be assoiated with an
indiret signature of Fermi liquid non-analytiities. Nev-
ertheless, it turns out that the temperature dependene
of the eletron spin suseptibility χs(T ) is rather intri-
ate. On the one hand, from perturbative alulations in
seond order in the short-ranged interation strength one
obtains that |χs(T )| inreases with temperature.29,30,31
The same behavior is reprodued by eetive supersym-
metri theories.
32
On the other hand, non-perturbative
alulations, taking into aount renormalization eets,
found that |χs(T )| has a non-monotoni behavior and
rst dereases with temperature.
33,34
This latter behav-
ior is in agreement with reent experiments on 2DEGs.
35
In view of these reent ontroversial results, we want to
reonsider the question of a nite temperature ordering
of nulear spins by taking into aount renormalization
eets of the stati spin suseptibility χs(q), where q is
the wave vetor, and therefore going beyond Ref. 20. It
turns out that, a priori, dierent nulear spin orderings
an our, depending on temperature and other sample
parameters suh as the interation strength, measured
by the dimensionless parameter rs (essentially, the ratio
between Coulomb and kineti energy of the eletrons).
We onsider at least two possible ordered phases in the
nulear system: a ferromagneti ordering
36
but also a
helial spin ordering where the nulear spins align ferro-
magnetially at the sale of the nulear lattie onstant
but point in opposite diretions at the sale of the Fermi
wave length (roughly two orders of magnitude larger than
the nulear lattie spaing at small rs <∼ 1). Depending
on the general non-perturbative shape of χs(q) (whih
may have a omplex dependene on T and rs), we disuss
the possible ordered phases and their assoiated magneti
properties.
The outline of the paper is as follows: In Se. II, we for-
mulate a Kondo lattie desription of our problem where
the nulear spins are playing a role analogous to magneti
impurities embedded in an eletron liquid. We then de-
rive a general eetive magneti Hamiltonian for nulear
spins where the interation is ontrolled by the eletron
spin suseptibility in 2D. In Se. III, we alulate the
eletron spin suseptibility in an interating 2DEG using
various approximation shemes for both, short-ranged
and long-ranged interations. Partiular attention is paid
to renormalization eets in the Cooper hannel whih
turn out to be important. Se. IV is devoted to the
magneti properties of the nulear spins depending on
the general wave-vetor dependene of the eletron spin
suseptibility. We disuss two dierent phases: A ferro-
magneti phase and a helial phase with a period of the
order of the eletron Fermi wavelength. Finally, Se. V
ontains a summary of our main results and also perspe-
tives. Appendix A ontains some details of the derivation
of the eetive nulear spin Hamiltonian and of the re-
dution to a stritly 2D problem.
II. MODEL HAMILTONIAN
A. Kondo lattie desription
In order to study an interating eletron gas oupled to
nulear spins within the 2DEG, we adopt a tight-binding
representation in whih eah lattie site ontains a single
nulear spin and eletrons an hop between neighboring
sites. A general Hamiltonian desribing suh a system
reads
H = H0 +
1
2
Nl∑
j=1
Ajc
†
jστσσ′cjσ′ · Ij +
∑
i,j
vαβij I
α
i I
β
j
= H0 +Hn +Hdd, (1)
where H0 denotes the ondution eletron Hamiltonian,
Hn the eletron-nulear spin hyperne interation and
Hdd the general dipolar interation between the nulear
spins. H0 an be rather general and inludes eletron-
eletron (e-e) interations. In Eq. (1), c†jσ reates an
eletron at the lattie site rj with spin σ =↑, ↓, and
τ represents the Pauli matries. We have also intro-
dued Ij = (I
x
j , I
y
j , I
z
j ) the nulear spin loated at the
lattie site rj , and Aj the hyperne oupling onstant
between the eletron and the nulear spin at site rj .
Summation over the spin omponents α, β = x, y, z is
implied. The eletron spin operator at site rj is dened
3by Sj = ~c
†
jστ σσ′cjσ′ (for onveniene we normalize the
spin operator here to 1). Nl denotes the total number of
lattie sites. >From here on, we assume that Aj = A > 0,
whih means we assume the hyperne interation is anti-
ferromagneti and the same for all atoms that onstitute
the heterostrutures (typially Ga and As and their iso-
topes).
The nulear spins are also oupled via the dipolar in-
teration to other nulear spins, whih are not embedded
in the 2DEG. Taking into aount this interation as well
makes the problem of the magnetism of nulear spins in
GaAs heterostrutures an a priori 3D tremendously om-
pliated one. Nevertheless, it turns out that the dipolar
interation energy sale Edd is the smallest one. It has
been estimated to be Edd ≈ 100 nK.37 In partiular,
kBT ≫ Edd, where T is the temperature of a typial ex-
periment. In the rest of the paper, we neglet all diret
dipolar interations between the nulear spins, whih are
in general smaller than the indiret interation, as we will
see. Therefore, we assume that vαβij ≈ 0 in Eq. (1). This
assumption is important sine it allows us to fous only
on those nulear spins whih lie within the support of the
eletron envelope wave funtion (in growth diretion).
The general Hamiltonian in Eq. (1) is the well-known
Kondo lattie Hamiltonian (KLH), though H0 ontains
also e-e interations. The KLH is one of the most stud-
ied models in ondensed matter theory due to its large
variety of appliations. The KLH has been used to de-
sribe the properties of transition metal oxides,
38
heavy
fermions ompounds,
39,40
more reently also magneti
semiondutors (or semi-metals) in the series of rare
earth substanes,
41
, and diluted magneti semiondu-
tors suh as Ga1−xMnxAs,42,43 to list only a few. The
nulear spins play a role analogous to magneti impuri-
ties in the Kondo lattie problem. The regime in whih
we are interested orresponds to the weak Kondo ou-
pling regime in the sense that A ≪ EF , where EF is
the Fermi energy. Furthermore, the nulear spin den-
sity ns is far larger than the eletron density ne. It is
worth notiing that the single nulear spin Kondo tem-
perature TK ≈ D exp(−EF /A) (with D being the ele-
tron bandwidth) is extremely small ompared to all other
energy sales. We are therefore far away from the so-
alled ontroversial exhaustion regime
44
where the indi-
vidual sreening of the impurity ompetes with indiret
magneti exhange between the nulear spins.
In this low eletron density regime, the ground state
of the magneti system (here the nulear spins) has been
shown to be ordered ferromagnetially in 3D using var-
ious treatments that go beyond mean eld theory and
whih notably inlude spin wave modes (but neglet e-e
interations).
39
B. Derivation of an eetive magneti Hamiltonian
We rst go to Fourier spae and rewrite Hn in Eq. (1)
as
Hn =
A
2Nl
∑
q
Sq · Iq, (2)
where Iq =
∑
j e
iq·rjIj and Sq =
∑
j e
−iq·rjSj are the
Fourier transforms of Ij and Sj , respetively. (From now
on we set ~ = 1.) Sine A is a small energy sale in our
ase, we an perform a Shrieer-Wol (SW) transforma-
tion in order to eliminate terms linear in A, followed by
integrating out the eletron degrees of freedom. Further-
more, we an redue our initial 3D model to a genuine 2D
problem. The main steps of these alulations are given
in Appendix A. We are left with an eetive Hamiltonian
Heff for the nulear spins in a 2D plane:
Heff =
A2
8ns
1
N
∑
q
Iαq χαβ(q) I
β
−q , (3)
where
χαβ(q, ω) = − i
Na2
∫ ∞
0
dt e−iωt−ηt〈[Sαq (t), Sβ−q]〉, (4)
is a general 2D eletron spin suseptibility tensor,
χαβ(q) = χαβ(q, ω = 0) and q = |q|. N is the number
of lattie sites in the 2D plane and a denotes the lattie
spaing for nulear spins. Note that 〈. . .〉 means aver-
age over eletron degrees of freedom only. We have nor-
malized χ suh that it oinides with the density-density
Lindhard funtion (see below) in the isotropi and non-
interating limit.
The only assumptions we make are time reversal sym-
metry of H0, as well as translational and rotational in-
variane. The eetive Hamiltonian in Eq. (3) is there-
fore quite general and does not depend on the dimension-
ality of the system. Note that Eq. (3) is also valid when
eletron-eletron interations are taken into aount. It
is worth emphasizing that the SW transformation ne-
glets retardation eets. This is appropriate sine the
the nulear spin dynamis is slow ompared to the ele-
tron one (in terms of energy sales this is related to the
fat that A ≪ EF ). Therefore, eletrons see an almost
stati nulear spin bakground, and the adiabati approx-
imation (for the ondution eletrons) is well justied.
In the ase of ferromagneti semiondutors, suh an ap-
proximation breaks down and retardation eets must be
taken into aount.
45
If we also assume spin isotropy in
the 2DEG, then χαβ(q, ω → 0) = δαβχs(q), where χs(q)
is the isotropi eletron spin suseptibility in the stati
limit.
In real spae, the eetive nulear spin Hamiltonian
reads
Heff = −1
2
∑
r,r′
Jαβr−r′I
α
r I
β
r′ , (5)
4where
Jαβ|r| = −(A2/4ns)χαβ(|r|), (6)
is the eetive exhange oupling. The nulear spins Ir
are therefore interating with eah other, this interation
being mediated by the ondution eletrons. This is just
the standard RKKY interation,
21
whih, however, as
we shall see, an be substantially modied by eletron-
eletron interations ompared to the free eletron ase.
III. ELECTRON SPIN SUSCEPTIBILITY IN A
2D INTERACTING ELECTRON GAS
The main result of the previous setion is that the mag-
neti exhange interation between the nulear spins is
mediated by the eletron gas. Therefore, the key quantity
governing the magneti properties of the nulear spins
is the eletron spin suseptibility χs(q) in two dimen-
sions. The alulation of this quantity in an interating
2DEG has been the subjet of intense eorts in the last
deade in onnetion with non-analytiities in the Fermi
liquid theory.
25,26,27,28,29,30,31,32,33,34
On a more funda-
mental level, inorporating e-e interations in the alu-
lations of thermodynami quantities has been an impor-
tant area of ondensed matter theory over the last fty
years. In partiular, the study of non-analyti behav-
ior of thermodynami quantities and suseptibilities in
eletron liquids has attrated reent interest, espeially
in 2D.
25,26,27,28,29,30,31,32,33,34
Of partiular importane
for the following is the reent ndings by Chubukov and
Maslov
29
, namely that the stati non-uniform spin sus-
eptibility χs(q) depends linearly on the wave vetor
modulus q = |q| for q ≪ kF in 2D (while it is q2 in
3D), with kF the Fermi momentum. This non-analytiity
arises from the long-range orrelations between quasi-
partiles mediated by virtual partile-hole pairs, despite
the fat that e-e interations was assumed to be short-
ranged.
Let us rst reall the ase of non-interating eletrons.
In this ase, χs oinides with the usual density-density
(or Lindhard) response funtion χL,
46
χL(q) =
1
Na2
∑
k,σ
nk,σ − nk+q,σ
ǫk,σ − ǫk+q,σ + iη , (7)
where nk is the eletron number operator, ǫk the disper-
sion relation, and η > 0 is an innitesimal regularization
parameter. This Lindhard funtion an be evaluated ex-
atly and reads in 2D
46
χL(q) = −Ne
(
1−Θ(q − 2kF )
√
q2 − 4k2F
q
)
, (8)
where Ne = ne/EF is the eletron density of states (per
spin). Note that Ne = m
∗/π where m∗ is the eetive
eletron mass in a 2DEG. It follows from Eq. (8) that
δχL(q) ≡ χL(q)− χL(0) = 0 for q ≤ 2kF . (9)
Let us now inlude eletron-eletron interations. It
is onvenient to introdue a relativisti notation with
p¯ ≡ (p0,p) being the (D+1)-momentum where p0 de-
notes the frequeny and p the D-dimensional wave ve-
tor (here D = 2). In a zero-temperature formalism, the
suseptibility an be written diagrammatially
46
as
χs(q¯) = − i
LD
∑
p¯1,σ,σ′
σσ′Gσ(p¯1−q¯/2)Gσ(p¯1+q¯/2)Λp¯1σσ′ (q¯),
(10)
with σ, σ′ = ±, and where L = aN1/D is the system
length, Gσ(p¯1) is the exat single-partile Green's fun-
tion and Λ(q¯) is the exat vertex funtion, whih an be
expressed in terms of the exat sattering amplitude Γ(q¯)
as follows:
46
Λp¯1σσ′ (q) = δσσ′ − (11)
i
LD
∑
p¯2
Γσσσ
′σ′
p¯1,p¯2 (q¯)Gσ′ (p¯2 + q¯/2)Gσ′(p¯2 − q¯/2).
This sattering amplitude plays a ruial role as we see
next. Γ is for a general sattering event a funtion of four
spin variables σ1, σ
′
1, σ2, σ
′
2. Nevertheless, one an use a
onvenient parametrization whih ensures rotational spin
invariane,
46
Γ
σ1σ
′
1
σ2σ
′
2
p¯1,p¯2 (q¯) = Γ
+
p¯1,p¯2δσ1σ′1δσ2σ′2 + Γ
−
p¯1,p¯2τ σ1σ
′
1
· τ σ2σ′2 ,
(12)
where τ is a vetor whose omponents are the Pauli ma-
tries (τx, τy , τz) and τσ1σ′1 · τ σ2σ′2 =
∑
a=x,y,z
τaσ1σ′1
τaσ2σ′2
.
Note that Γ± is spin-independent and orresponds to the
harge and spin hannels, respetively. Following Ref.
46, we next write the Bethe-Salpeter (BS) equation for
Γ− (orresponding to the spin hannel) as follows:
Γ−p¯1p¯2(q¯) = (Γ
−
irr)p¯1p¯2(q¯) + (13)
1
LD
∑
p¯′′
(Γ−irr)p¯1p¯′′(q¯)Rp¯′′ (q¯)Γ
−
p¯′′p¯2
(q¯),
where (Γ−irr)p¯p¯′(q¯) is the exat irreduible eletron-hole
sattering amplitude in the spin hannel, and
Rp¯(q¯) = −2iG(p¯+ q¯/2)G(p¯− q¯/2) (14)
is the eletron-hole bubble.
47
One an exatly solve, at least formally, the BS equa-
tion (13) using a matrix notation where the matrix in-
dies run over p¯. Within this notation R is a diagonal
matrix. We nd that
Γ−p¯1p¯2 =
∑
p¯′′
(Γ−irr)p¯1p¯′′
(
1
1− Γ−irr(q¯)R(q¯)
)
p¯′′p¯2
. (15)
This enables us to derive an exat and losed expression
for the spin suseptibility, given by
χs(q¯) =
1
LD
∑
p¯,p¯′
(
R(q¯)
1
1 − Γ−irr(q¯)R(q¯)
)
p¯p¯′
. (16)
5In general, Γ−irr annot be alulated exatly and some
approximations are required. The approximation we use
in the following onsists in replaing the exat irreduible
eletron-hole sattering amplitude (Γ−irr)p¯,p¯′ by an aver-
aged value alulated with respet to all possible values
of p and p′ near the Fermi surfae. This is equivalent to
the following approximation:
(Γ−irr)p¯,p¯′(q¯) ≈ Γ−irr(q¯) ∀ p, p′. (17)
We now assume q0 = 0 and suppress the q0-argument
in what follows sine we are interested in the stati prop-
erties of the spin suseptibility.
A. Short-ranged interation
In this setion, we onsider a q-independent short-
ranged interation potential, whih orresponds within
our notations to Γ−irr(q) = −U . This approximation on-
siderably simplies the BS equation (13) and the formal
expression of χs in Eq. (16). The derivative of χs(q)
with respet to q an be expressed in a simple ompat
form:
∂χs
∂q
(q) =
∂Π(q)
∂q
1
(1 + UΠ(q))2
, (18)
where Π(q) =
∑
p¯Rp¯(q)/L
D
. In the low q ≪ kF limit,
one an approximate the term Π(q) in the denominator
of Eq. (18) by its non-interating value χL(0) = −Ne.
The multipliative fator 1/(1 − UNe)2 in Eq. (18)
signals the onset of the ferromagneti Stoner instability
when UNe approahes unity. The Stoner instability is
supposed to our for very large rs ∼ 20 aording to
Monte Carlo results.
48
For smaller rs ≤ 10, we are still
far from the Stoner instability. Though this multiplia-
tive term does not play a signiant role at small rs, it
inreases with rs, showing the tendeny.
1. Perturbative alulation
The orretions to the polarization bubble Π(q) are
dominated by the rst bubble orretion to the self-
energy of Gσ(p).
29
These orretions have been alu-
lated in seond order in U in the small q limit in Ref. 29,
with the result
δΠ(q) = Π(q)−Π(0) ≈ −4qχS |Γ(π)|
2
3πkF
, (19)
where χS = |χs(0)| and Γ(π) ∼ −Um∗/4π is the (2kF )
baksattering amplitude. When UNe ≪ 1, we reover
from Eq. (18) the known result δχs(q) = δΠ(q).
29
This
perturbative alulation therefore gives that δχs(q) = αq
with α < 0, or equivalently that |χs(q)| inreases with
q at low q.36 Finite temperature alulations along the
same line imply that δχs(T ) = γT with γ < 0.
30,31
This
result has been onrmed by using a supersymmetri ef-
fetive theory of interating spin exitations.
32
On the other hand, reent experiments on a low density
interating eletrons gas in Silion MOSFETs have found
that |χs(T )| dereases at low temperature35 in apparent
ontradition with perturbative alulations. This rather
puzzling situation demands a non-perturbative approah.
2. Beyond lowest order perturbation theory:
renormalization eets
The previous alulations give a spin suseptibility
whih is quadrati in the baksattering amplitude. How-
ever, it is known that at low enough energy the baksat-
tering amplitude beomes renormalized. One should
therefore instead onsider some type of renormalized per-
turbation theory approximation (RPTA). Shekhter and
Finkel'stein
33
argued reently that the strong renormal-
ization of the sattering amplitude in the Cooper hannel
may explain the sign of δχs(T ) in the experiment by Prus
et al.
35
Let us introdue Γ(θ, T ), the two-partile sattering
amplitude at a partiular sattering angle θ and tem-
perature T . The Cooper hannel orresponds to θ = π
and we denote by Γc(T ) = Γ(π, T ) the orresponding
two-partile sattering amplitude. In the Cooper han-
nel the two partiles that satter have exatly opposite
momenta. We rst expand Γc in Fourier harmonis suh
that
Γc(T ) =
∑
n
(−1)nΓc,n(T ), (20)
where n is an integer representing the angular momentum
quantum.
In order to analyze the temperature dependene of
Γc,n(T ), it is enough to write the BS equation for Γc
in a way fully analogous to Eq. (13). In the Cooper
hannel, due to the fat that the momentum of the en-
ter of motion of the two sattering partiles is zero, the
integration over the eletron-hole bubble gives rise to log-
arithmi infrared (IR) divergenes. These divergenes are
due to partile-hole exitations around the Fermi sea and
already our in the ladder approximation (i.e. by on-
sidering only the bare short-ranged interation potential
in the BS equation). We refer the reader to referenes
49 and 33 for more details. The logarithmi IR diver-
genes an be absorbed by a resaling of the sattering
amplitudes in the Cooper hannel suh that:
Γc,n(T ) =
Γc,n
1 + Γc,n ln(EF /kBT )
, (21)
where Γc,n = Γc,n(EF ) is the bare value. The logarithmi
fators give rise to the well known Cooper instability.
50,51
They are just the 2D equivalent of the one found in the
disussion of Kohn-Luttinger superondutivity.
52
In Eq.
(21), the logarithmi divergene is ut-o by the temper-
ature at low energy.
6Another way of reovering Eq. (21) is to regard the
baksattering amplitudes Γc,n as some energy sale de-
pendent oupling onstants Γc,n(Λ) of the 2DEG (Λ is
some running energy sale, the equivalent of T in Eq.
(21)). The next step is to write renormalization group
equations (RG) for these ouplings. These ouplings are
marginal and the RG equations at lowest order read:
dΓc,n
d ln(Λ/EF )
= −(Γc,n)2. (22)
The solutions of the RG equations for Γc,n(Λ) are given
by Eq. (21) where essentially T is replaed by Λ.33
The low energy behavior of the Γc,n(T ) strongly de-
pends on the bare sattering amplitudes being repulsive
(Γc,n > 0) or attrative (Γc,n < 0). >From Eq. (21),
we immediately infer that when Γc,n > 0, Γc,n(T ) → 0
at low energy/temperature. On the other hand, when
Γc,n < 0, Γc,n(T ) renormalizes to the strong oupling
regime. Assuming there exists at least one harmoni n0
suh that Γc,n0 < 0 implies that there exists a tempera-
ture below whih the sattering in the Cooper hannel is
entirely dominated by Γc,n0 .
33
This reasoning relies on the fat that at least one bare
sattering amplitude in the nth harmoni is negative.
This assumption an be further substantiated with some
expliit perturbative alulations of the irreduible sat-
tering amplitudes.
52,53,54
By omputing the lowest order
orretions ontributing to the irreduible sattering am-
plitude Γc,irr, (therefore going beyond the ladder approx-
imation in the BS equation whih leads to Eq. (21)) one
an atually prove that there exist higher harmonis suh
that Γc,n < 0.
49
Note that these alulations imply that a superon-
duting instability should develop at a temperature
T <∼ TL = EF exp(−1/|Γc,n0|)/kB . This is en-
tirely analogous to the Kohn-Luttinger mehanism for
superondutivity.
52,55
Nevertheless, in a typial 2DEG,
disorder or some other mehanism may provide a natural
infrared ut-o preventing this superonduting instabil-
ity to be reahed. Let us all∆ > TL this infrared ut-o.
It is worth noting that ∆ should not be too large either
in order to let Γc,n0 ow to relative large values of order
one for this mehanism to be relevant.
As shown in Ref. 33 this mehanism, if it takes plae,
leads to a non-monotoni behavior of the temperature
dependene of the eletron spin suseptibility and more
speially to the existene of a sale T0, below whih
dχs
dT > 0 (note that we use a dierent sign onvention for
χs(0) ompared to Ref. 33). By tting the experimen-
tal data of Prus et al. with suh a theory, the estimate
Γc,n0 ∼ 0.25−0.3 was obtained in Ref. 33, whih implies
T0 ∼ 10 K, a surprisingly large temperature sale of the
order EF ∼ 40 K in this experiment. It is worth em-
phasizing that suh a sale, being dependent on the bare
value of Γc,n0 , is non-universal and therefore sample de-
pendent.
This RPTA also raises a similar issue onerning the
behavior of the eletrostati spin suseptibility χs(q) and
more speially of Γc(q). Following Ref. 49, one an
write a BS equation at zero temperature for Γc(ξ), where
ξ is an energy sale in the viinity of the Fermi energy
EF . By linearizing ξ around EF suh that ξ = vF q, one
immediately infers from (21) that
Γc,n(q) =
Γc,n
1 + Γc,n ln(EF /vF q)
≈ Γc,n
1 + Γc,n ln(kF /2q)
.
(23)
Note that at nite temperature and for a realisti system,
the infrared ut-o Λ is replaed by max{vF q, kBT,∆}.
This result is also obtained from a renormalization group
approah by working diretly in momentum spae at low
energy where the energy an be linearized around kF .
At low enough momentum, Γc(θ, q) is dominated by the
harmoni n0 suh that
Γc(q) ≈ (−1)n0 −|Γc,n0 |
1− |Γc,n0| ln(kF /2q)
. (24)
By replaing the bare value of the sattering amplitude in
Eq. (19) by the renormalized one, we nd that δχs(q) ≈
−4qNe |Γ(pi,q)|
2
3pikF
also aquires a non-trivial q-dependene.
In partiular, using Eq. (24), we obtain that
dχs
dq
≈ − 4Ne
3πkF
(Γ2c − 2|Γ3c |), (25)
whih is positive when |Γc(q)| > 1/2.
Let us assume that∆, the aforementioned infrared ut-
o, is lose to the Cooper instability, i.e. kBTL <∼ ∆. In
suh a ase, the ow of Γc(q) in Eq. (24) is ut o by ∆.
Using 1/Γc,n0 = ln(EF /kBTL), one obtains that
Γc ≈ (−1)
n0+1
ln( ∆kBTL )
for q <∼ ∆/vF (26)
is renormalized toward large values. This implies that
there exists a q0 ∼ 10qL (where qL = kBTL/vF ) suh
that
d
dq δχs(q) > 0, ∀ q < q0, and ddq δχs(q) < 0 when
q >∼ q0.
We must point out that the RG equation in Eq. (25)
assumes that all other sattering amplitudes Γn for n 6=
n0 an be negleted below some low energy. In order to
go beyond this approximation, one has to solve (numeri-
ally) a set of RG dierential equations instead.
This senario relies on a ne tuning of ∆ ompared to
kBTL (typially this demands TL <∼ ∆/kB < 10TL). If
this ondition is not met, one may then expet δχs(q) < 0
in aordane with lowest order perturbative alula-
tions. Nevertheless, one should mention that an alter-
native theory, also giving δχs(T ) > 0 at low T , has been
put forward.
34
This alternative senario applies for van-
ishing Cooper amplitudes. In suh a ase, the anomalous
temperature dependene of the spin suseptibility is dom-
inated by non-analyti ontributions from partile-hole
resattering with small momentum transfer.
34
Whether
suh a senario, not onsidered here, also implies that
δχs(q) > 0 is an interesting but open question.
7The aforementioned onsiderations immediately raise
the issue about the amplitude of q0 in a typial inter-
ating 2DEG. In order to desribe the temperature de-
pendene of χs(T ), Shekhter and Finkel'stein determined
Γn0 suh that the experimental behavior of Ref. 35 is re-
produed. This xes the value of this parameter and also
the sale kBT0 to the order of EF . One may therefore
expet q0 to be of the order of kF for a similar 2DEG.
Another independent way of substantiating these esti-
mates is to go beyond the ladder approximation in the
BS equation.
49
First, as we mentioned before, this al-
lows one to show that there exists a value n0 at whih
Γc,n0 < 0. Seond, this an give us an estimate for TL
and therefore for q0. Indeed, in Ref. 49 the Cooper
instability has been estimated to set in at the temper-
ature kBTL ∼ EF e−16EF/(r3sξ), where ξ ∼ ∆ plays the
role of the infrared ut-o in Ref. 49, and the ondi-
tion ξ/EF ≪ 1 was assumed. Consisteny requires that
TL ∼ ∆ ∼ EF at large rs, implying q0 ∼ kF . This is in
agreement with our previous estimate.
The previous alulations also give us information
about the possible shapes for χs(q). When renormal-
ization in the Cooper hannel is important, we ob-
tain at least one extremum around some wave vetor
q0 ∼ O(kF ). Furthermore, at large q, we should re-
over the non-interating behavior and therefore χs(q) ∼
χL(q) → 0 for q → ∞. Beause χs(q0) < 0, we expet
another extremum around a value q1 > q0. Sine the
non-interating behavior is reovered for q ≫ 2kF , one
may suspet q1 ∼ O(2kF ). From the previous onsider-
ations we therefore onlude that there exist (at least)
two extrema for the eletron spin suseptibility χs(q). It
is worth emphasizing that this double-extremum stru-
ture is a diret onsequene of the nontrivial renormal-
ization of the sattering amplitude in the Cooper han-
nel. We have shematially drawn in Fig. 1 the possible
qualitative shapes denoted by (a) and (b) of χ¯s(q) =
χs(q)/|χs(0)| as a funtion of q/kF and ompared it to
the (normalized) non-interating χL(q)/Ne at T = 0.
In the ase denoted by (a), we hoose χs(q2) > χs(0),
whereas in the ase denoted by (b) the absolute value
of the suseptibility at q2 ≃ 2kF is hosen to exeed the
stati value, i.e. χs(q2) < χs(0). The previous onsider-
ations do not allow us to disriminate between these two
possible shapes of χs(q). Furthermore, by inreasing rs,
χs an evolve from one shape to another.
On the other hand, if the renormalization in the
Cooper hannel does not take plae, e.g. when it is ut
o by disorder, then the perturbative alulations at low-
est order apply and give instead that δχs(q) < 0 at low
q.29,30,31 A possible shape for χs(q), onsistent with these
alulations, has been drawn in Fig. 1 and orresponds
to label (). We should note, however, that the eet
of resattering of a pair of quasipartiles in all dierent
hannels
34
should be arefully examined and may still
lead to shapes (a) or (b) in Fig. 1.
(a)
(c)
(b)
q1q0
20 4
χ¯s
q/kF
−1
FIG. 1: Three possible qualitative shapes denoted by
(a), (b) and () for the normalized suseptibility χ¯s(q) =
χs(q)/|χs(0)| as a funtion of q/kF (dashed lines) ompared
to the non-interating value (thin full line). Here, q0 and
q1 are the positions of the extrema for urves (a) and (b). In
ontrast, the loal eld fator approximation disussed in Se.
IIIB results in a monotoni inrease of χ¯s(q) (not skethed
in the gure), being always larger than the non-interating
value.
B. Long-ranged Coulomb interations
In the preeding setion, we replaed Γ−irr(q) by an al-
most q−independent onstant operator, assuming that
the Coulomb interation was sreened and, therefore,
short-ranged. Let us onsider in this setion the bare
2D Coulomb interation, V (q) = 2πe2/q, where e is the
eletron harge.
1. Loal Field Fator Approximation
One of the most suessful approximations for the al-
ulation of eletron response funtions is the loal eld
fator approximation (LFFA). It improves the random
phase approximation
46
for whih the eetive eld seen
by an eletron is the eld that would be seen by a las-
sial test harge embedded in the eletron gas. The idea
of the LFFA to orret the random phase approximation
and to better aount for the orrelations existing in the
eletron gas, is to replae the average eletrostati poten-
tial by a loal eld eetive potential seen by an eletron
with spin σ whih is part of the 2DEG. (We refer to Ref.
46 for a review). The loal eld fator G− an be dened
as follows:
G−(q)V (q) = χ−1s (q)− χ−1L (q), (27)
or, equivalently, the stati spin suseptibility χs an be
written as
χs(q) =
χL(q)
1 + V (q)G−(q)χL(q)
. (28)
The preise determination of G−(q) for all q is an open
problem. However, the asymptoti regimes, partiularly
the q → 0 limit, are quite well established beause they
are strongly onstrained by sum rules.
46
In this work, we
8use a semi-phenomenologial interpolation formula given
in Ref. 46
G−(q) ≈ g0 q
q + g0(1− χP /χS)−1κ2 . (29)
Here, (gµB)
−2χP is the Pauli suseptibility (µB the Bohr
magneton and χP > 0), χS = |χs(0)| the renormalized
value of the spin suseptibility at q = 0, κ2 = kF rs
√
2
is the 2D Thomas-Fermi wave vetor, and g0 is the pair-
orrelation funtion at r = 0, desribing the probability
of nding two eletrons (of opposite spins) at the same
position in the eletron gas. This phenomenologial form
for G− has been modied from the one originally pro-
posed by Hubbard
56
in order to satisfy exatly the om-
pressibility sum rule.
46,57
The main weakness of this ap-
proah is the arbitrariness of the hosen form for G−.
For non-interating eletrons χP /χS = 1. An approxi-
mate form for g0 giving a good agreement with quantum
Monte Carlo (QMC) alulations has been proposed re-
ently by Gori-Giorgi et al. and reads:
58
g0(rs) ≈ (1 +Ars +Br2s + Cr3s)e−Drs/2. (30)
The parameters A = 0.088, B = 0.258, C =
0.00037, D = 1.46 are tting parameters reproduing
QMC results for g0 in a 2DEG.
58
This approximation
yields
χs(q) ≈ −Ne q + g0κ2α
q + g0κ2(α− 1) for q < 2qF , (31)
where α = χS/(χS − χP ) an be regarded as a Fermi
liquid parameter. The low-q semi-phenomenologial ap-
proximation for the eletron spin suseptibility given in
Eq. (31) results in
dχs(q)
dq > 0, ∀q, in ontrast to the
lowest order perturbative alulations.
29,30,30
Note that a diret estimate of G−(q) by reent QMC in
a 2DEG gives an almost linear in q behavior up to rather
large values of q <∼ 2kF , followed by a more omplex non-
monotoni behavior around 2kF , and nally diverges in
the large-q limit.46,59,60 This large-q limit is not repro-
dued by Eq. (29). This is not a serious drawbak sine
most quantities of interest are dominated by the low-q
regime.
However, the sale q∗ = g0κ2(α − 1) dereases expo-
nentially with rs aording to Eq. (30). This would im-
ply an almost onstant behavior for G−(q) exept at low
q. When we ompare this behavior with available QMC
data,
46,59
we nd that there is a manifest ontradition.
Therefore, this raises some doubt about the presene of
g0 (a short distane quantity) in Eq. (29).
2. Modied Loal Field Fator Approximation
If we instead replae g0 in Eq. (29) by a parameter
g1, suh that g1κ2(α− 1) = g1rs
√
2(α− 1)kF ≫ 2kF , we
have heked that the QMC data forG−(q) are muh bet-
ter reprodued for q
′s up to 2kF than by the expression
given in Eq. (29). In suh a modied loal eld fator
approximation (MLFFA), g1 is approximately given by
g1 ≈ ζ1
rs(α− 1) =
ζ1
rs
(
χS
χP
− 1
)
, (32)
with ζ1 some numerial onstant of order one.
We should mention that some other more ompliated
analytial ts of the QMC data have been obtained in
Ref. 61. Nevertheless, we note that the ts used in that
paper lead to δχs(q) ∼ q2 for 2D, whih is in ontradi-
tion with all previous approximations. It seems desirable
to test Eq. (32) with more detailed QMC alulations.
C. Comparison of the various approximation
shemes
If we summarize the various approximation shemes
presented in the previous setions, whih are perturbative
or semi-phenomenologial, we an learly asertain that
δχs(q) ∝ q for q ≪ qF . Nevertheless, the sign of the
proportionality onstant depends on the approximation
sheme we used.
Lowest order perturbation theory in the interation
strength leads to dχs(q)/dq < 0 at low q.
29,30
However,
within the RPTA, renormalization eets in the Cooper
hannel
33,49
are important and hange the piture given
by lowest order perturbation theory. In this latter ase,
the RPTA yields an opposite sign for dχs(q)/dq below
some wave vetor q0. The LFFA we used implies that
dχs(q)/dq > 0 for all q and therefore a monotoni be-
havior (not shown in Fig. 1), whereas the RPTA leads
to a non-monotoni behavior (see Fig. 1). Establish-
ing a mirosopi onnetion between these two dierent
approahes is obviously a rather diult and open issue.
The LFFA is a semi-phenomenologial approximation
in whih an analytial expression for the loal eld fator
G−(q) is guessed with the onstraints that the asymp-
toti behavior should reprodue some known results in-
ferred from exat sum rules. The unknown parameters of
G−(q) are xed from a t to QMC data.61 One may won-
der whether one an extrat some information about the
possible shapes of χs(q) diretly from the original QMC
data. The QMC data shows a rather ompliated stru-
ture with two extrema for G−(q) around 2kF (see Ref.
59 or Ref. 46 (p. 244) ). Though it might be tempting
to relate the double-extremum struture obtained by the
RPTA to the QMC results, it turns out to be not possi-
ble to extrat the behavior of χs(q) from available QMC
data for G−(q). New QMC alulations diretly omput-
ing χs(q) instead of G−(q) are thus highly desirable.62
Finally, we have seen that the low q dependene of
δχs(q) mimis the temperature dependene of δχs(T )
whih is in agreement with the experiment by Prus et
al. at low T .35 These experimental features may provide
another, though indiret, onsisteny hek of the RPTA.
9IV. MAGNETIC PROPERTIES OF THE
NUCLEAR SPINS
We assume in this setion that some nulear spin order-
ing atually takes plae at low enough temperature and
analyze how this ordering is destroyed when the temper-
ature is raised.
A. Mean eld approximation
Sine the interation between nulear spins is of RKKY
type, the interation is ferromagneti at short distane
d ≪ k−1F (the large q behavior of χs(q) is only weakly
modied by e-e interations). Furthermore, many mean
eld alulations performed for the 3D Kondo lattie at
low eletron density (negleting e-e interations though)
predit a ferromagneti ordering.
39,64
Assuming a low
temperature ferromagneti ordering of the nulear spins
seems therefore a reasonable assumption.
We rst reall the mean eld results for
ompleteness.
20
The Weiss mean eld theory gives
a Curie temperature
TMFc = −
I(I + 1)
3kB
A2
4ns
χL(q = 0), (33)
where I is the nulear spin value.
In 2D this mean eld theory yields for TMFc a depen-
dene on the ratio ne/ns. For a metal with about one
ondution eletron per nulear spin, the ratio ne/ns ∼ 1,
and we reover the result derived more than sixty years
ago by Fröhlih and Nabarro for a 3D bulk metal.
22
For a 2D metal the Weiss mean eld theory then gives
kBTc = I(I+1)A
2/12EF . For a 2D semiondutor, how-
ever, the smaller Fermi energy is ompensated by the
smaller ratio ne/ns ≪ 1. With typial values for GaAs
heterostrutures, I = 3/2, A ∼ 90 µeV and a ∼ 2Å,14
we estimate Tc ∼ 1 µK, whih is very low. (For suh
low Tc's, ignoring nulear dipole-dipole interations from
the start would not be legitimate.) However, this esti-
mate is just based on the simplest mean eld theory and,
moreover, does not inlude the eet of e-e interations.
It still leads to a nite Tc under whih the nulear spins
order ferromagnetially.
B. Spin wave analysis around ferromagneti
ground state
We shall now go beyond the above mean eld approxi-
mation and perform a spin wave analysis. The olletive
low-energy exitations in a ferromagnet are then given
by spin waves (magnon exitations).
1. Magnetization and Curie temperature of the nulear
spins
>From standard spin waves analysis
65
, the dispersion
relation of the spin waves in the ferromagnet simply reads
ωq = I(J0 − Jq) = I A
2
4
a2(χs(q)− χs(0)), (34)
where Jq is the Fourier transform of Jr dened in Eq.
(6).
At this stage, we already see that the stability of
the ferromagneti ground state demands that δχs(q) =
χs(q) − χs(0) > 0. We an therefore onlude that the
seond order alulation implies that the ferromagneti
ground state is always unstable.
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On the other hand,
the renormalized perturbation theory approximation de-
veloped in Se. III A 2 shows that it is neessary to go
beyond lowest order perturbation theory.
When renormalization eets are not important in the
RPTA, the lowest order perturbative results are reov-
ered, and the ferromagneti ground state seems unstable
(though renormalization eets in all hannels must be
arefully taken into aount as desribed in Ref. 34).
When renormalization eets in the Cooper hannel are
important, we expet the two possible shapes denoted
by (a) and (b) for the stati spin suseptibility χs(q) at
T = 0 (see Fig. 1). If the ase (b) is favored, then there
exists a value of q at whih ωq < 0 signaling an instability
of the ferromagneti ground state. >From this perspe-
tive, ases (b) and () are similar. Another ground state
must then be assumed and a subsequent analysis is re-
quired. This will be detailed in Se. IVD.
On the other hand, if the shape of the suseptibility
denoted by (a) is favored, the ferromagneti assumption
is self-onsistent. The RPTA predits that there exists a
temperature T0 above whih dχs/dq < 0 at low q. This
implies that there exists another temperature T1 ≤ T0
at whih the minimum in q1 touhes the horizontal axis
signaling an instability. If the Curie temperature Tc is
larger than T1, then there exists a temperature regime
(typially for T > T1) where the ferromagneti ground
state beomes unstable and a dierent ordering may be
favored. This ase will be analyzed in Se. IVD. On
the other hand, if the Curie temperature Tc is smaller
than T1, the ferromagneti ground state is self-onsistent
below Tc
63
. Suh a senario is in aordane with the one
obtained from LFFA. Let us therefore analyze this latter
ase.
The magnetization m per site for a ferromagnet at -
nite T is dened by
m(T ) = I − 1
N
∑
q
nq = I − 1
N
∑
q
1
eβωq − 1 , (35)
where nq is the magnon oupation number and the sum-
mation is over the rst Brillouin zone of nulear spins. In
the ontinuum limit this beomess
m(T ) = I − a2
∫
dq
(2π)2
1
eβωq − 1 . (36)
10
We dene the Curie temperature Tc as the temperature
at whih the magneti order is destroyed by those spin
waves. This proedure is equivalent to the Tyablikov de-
oupling sheme.
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Another way of determining the Curie
temperature is to analyze at whih temperature Tc the
spin wave analysis breaks down. The Curie temperature
Tc may be then dened by m(Tc) = 0, whih an be
written as
1 =
a2
I
∫
dq
(2π)2
1
eωq/kBTc − 1 . (37)
For non-interating eletrons in 2D, χs(q)− χs(0) = 0
for q < 2kF ,
46
where kF is the Fermi wave vetor.
The spin wave analysis, therefore, gives Tc = 0. This
is in agreement with a reent onjeture extending the
Mermin-Wagner theorem
23
for RKKY interations to a
non-interating 2D system.
24
For interating eletrons,
however, the long range deay of the RKKY interations
an be altered substantially and no onlusion an be
drawn from the Mermin Wagner theorem or its exten-
sions.
Let us now inlude eletron-eletron interations (ob-
tained either by the RPTA or LFFA). All approximations
imply that the magnon dispersion is linear in q at low q,
i.e. that ωq ≈ cq, where
c = I
A2
4
a2
∂χs(q)
∂q
∣∣∣∣
q→0
, (38)
an be regarded as the spin wave veloity.
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Suh lin-
ear spin wave behavior is usually assoiated with anti-
ferromagnets while one would expet a quadrati disper-
sion for ferromagnetially ordered states like onsidered
here. This somewhat unexpeted linear dispersion omes
purely from eletron-eletron interations.
The perturbative alulations or their extensions to in-
lude the Cooper pair instability allows us to extrat only
the low q asymptoti behavior of δχs(q). Monte Carlo re-
sults, however, seem to indiate that the loal eld fator
G−(q) is almost linear in q up to q ∼ O(2kF ).46 We will
therefore assume that ωq ≈ cq for q < q∗ ∼ O(kF ).
This implies that for T < T ∗, where
T ∗ = cq∗/kB, (39)
the integral determining m in Eq. (36) is entirely domi-
nated by the linear dispersion behavior. Sine fast modes
orresponding to q ≫ q∗ are exponentially suppressed,
we an easily ompute it assuming ωq linear in q for the
whole q range (extending the upper integration limit to
innity). We obtain
m(T ) = I
[
1− (T/Tc)2
]
for T < T ∗, (40)
where
Tc =
2c
kBa
√
3I
π
=
A2I
2kB
√
3I
πns
∂χs(q)
∂q
∣∣∣∣
q→0
(41)
is the Curie temperature. Note that with these estimates
one has
T ∗
Tc
=
aq∗
2
√
3I/π
≪ 1 . (42)
Suh a denition of Tc has been obtained assuming
that ωq ≈ cq for all q. This approximation has two ma-
jor aspets: First it regularizes naturally the integral in
Eq. (37) in the UV limit, seond only the low energy de-
pendene of ωq is taken into aount, whih is onsistent
with a spin wave approximation.
2. Alternative UV regularization shemes
In the previous setion, we have assumed that ωq ≈ cq
for all q. On the other hand, one an assume we know
expliitly ωq for all q in the rst Brillouin zone i.e. for
q < π/a despite only the asymptoti limits of δχs(q) (and
therefore of ωq) are well established. At large q, we ex-
pet eletron-eletron interations to play a minor role
and the eletron spin suseptibility to be well approxi-
mated by its non-interating value, whih dereases as
1/q2 (see Eq. (8)). This implies that δχs(q) ≈ −χs(0) =
χS at large q and that the integral in Eqs. (36) or (37) are
atually diverging when a → 0. If we adopt suh a pro-
edure, the integral in Eq. (37) is fully dominated by the
short-distane modes, i.e. by the UV ut-o (and there-
fore independent of any e-e interations). Suh a regu-
larization sheme is not very satisfying and furthermore
even inonsistent for a spin-wave approximation whih
relies on the long-ranged modes. Note that the Tc we
obtain with suh proedure is similar (up to a prefator
of order unity) to the Curie temperature obtained within
the mean eld theory in Eq. (33).
Another regularization sheme onsists in utting o
the integral in Eq. (37) to q < 2ζFkF with ζF a on-
stant larger than 1. This an be justied by integrat-
ing out fast modes diretly at the Hamiltonian level
in Eq. (3) sine χ(q) dereases as 1/q2 for q ≫ kF .
Suh a reasoning is equivalent in real spae to a dei-
mation proedure in whih a square plaquette ontaining
(ζF akF )
−1 × (ζFakF )−1 nulear spins is replaed by an-
other plaquette with a single average spin. Sine at short
distane, the RKKY interation is mainly ferromagneti
this is equivalent to a mean eld proedure. The long
distane interation is not substantially modied. The
main eet of this integration over fast modes is that the
UV ut-o in Eq. (37) is now of order 2kF instead of
π/a. Although suh a proedure does not allow for an
exat alulation of Tc sine ωq is not known around 2kF ,
this onsiderably boost the Curie temperature by orders
of magnitudes ompared to the previous regularization
sheme and in the same range as the Curie temperature
determined from Eq. (41).
In the following, we will therefore use Eq. (41) as our
denition of Tc. This has the advantage of providing us
with a simple losed formula. Furthermore, suh a Tc
11
is onsistent with the long range approximation for spin
waves.
3. Numerial estimate of the Curie temperature
Eq. (41) gives us an estimate of the Curie temperature
as a funtion of the derivative of the eletron spin sus-
eptibility. We have omputed these quantities in Se.
III for various approximate shemes. We are therefore
now ready to give estimates for the Curie temperature
Tc. Let us start with the RPTA. Assuming Γc ∼ O(1)
in Eq. (26), we obtain a Curie temperature Tc ∼ 20 µK
for typial GaAs 2DEG parameters with rs ∼ 1. Setting
q∗ ∼ 2kF in Eq. (42) and using the same parameters,
one obtains T ∗ ∼ Tc/50.
At larger rs, Tc is enhaned for two reasons: rst k
−1
F
inreases linearly with rs, and seond, the value of the
spin suseptibility at q = 0, χS = |χs(0)|, whih is es-
sentially the Pauli suseptibility at small rs, inreases
linearly with rs.
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An approximate value of χS an be
extrated from QMC alulations.
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One obtains, for ex-
ample, Tc ∼ 0.3 mK for rs = 5 and Tc ∼ 0.7 mK for
rs = 8. One may even obtain larger values of Tc in the
mK range for larger rs sine Tc inreases quadratially
with rs. Furthermore, when UNe is no longer negligible
ompared to 1, Tc (resp. T
∗
) is even further enhaned by
an additional fator 1/(1−UNe)2 (see Eq. (18)). Close to
the ferromagneti Stoner instability of the eletron sys-
tem, reahed when UNe ∼ 1, the Curie temperature Tc
for the nulear system is strongly enhaned as ould have
been antiipated.
On the other hand, if we use the loal eld fator ap-
proximations developed in Se. III B, we an determine
Tc by inserting χs(q) obtained from the LFFA into Eq.
(41):
Tc =
IA
2kB
√
3I
π
A
(α − 1)2giV (a) , (43)
where gi = g0 [Eq. (30)℄ or gi = g1 [Eq. (32)℄. The en-
ergy sale (α − 1)2giV (a) an be interpreted as a renor-
malized sreened potential due to olletive interation
eets that are inorporated in the LFFA.
If we use gi = g0, the LFFA gives an exponential en-
hanement of Tc with inreasing the interation parame-
ter rs. Yet, as we have disussed in Se. III B, this form
for the loal eld fator G− annot really be trusted at
large rs > 1 when ompared to QMC data. If we instead
use the MLFFA, whih seems to be in better agreement
with QMC data, then gi = g1 and we obtain Tc ∼ 0.4mK
for rs ∼ 5 and Tc ∼ 1 mK for rs ∼ 8. These values are
onsistent with the ones found using renormalized per-
turbation theory.
Note that the ratio A/(α− 1)2g0V (a) an be regarded
as the small parameter of our theory. For some large
value of rs, the dimensionless parameter A/(α−1)2gV (a)
may approah unity and the trunation of the Shrieer-
Wol transformation at lowest order beomes unjustied.
C. Self-onsistent alulation of the Curie
temperature
If we assume a ferromagneti ordering of the nulear
spins, this generates some rather large nulear Over-
hauser magneti eld Beff(m) ∼ O(1 T) in a GaAs 2DEG
for m <∼ I that we have negleted before. Therefore, the
spin degeneray of the ondution eletrons will be lifted
by the Zeeman energy gµBBeff whih should have some
eets on the determination of Tc, too. A self-onsistent
proedure inluding feedbak eets is therefore required.
This is the purpose of this setion.
The eletron spin suseptibility is no longer isotropi.
In the following we will assume that it is still diagonal but
has now a longitudinal omponent χzs (in the diretion of
the magneti eld produed by the nulear spins) and
a transverse omponent χ⊥s . Taking into aount suh
an anisotropy, our SW transformation is still valid and
we obtain an eetive spin anisotropi 2D long-ranged
Hamiltonian, whih replaes Eq. (5):
Heff = −1
2
∑
r,r′
[
Jz|r−r′|I
z
r I
z
r′ +
J⊥|r−r′|
2
(I+r I
−
r′ + I
−
r I
+
r′ )
]
,
(44)
where, in q spae, J
z/⊥
q = −(A2/4ns)χz/⊥(q). The dis-
persion relation for magnons beomes now
ωq = I(J
z
0 − J⊥q ), (45)
and therefore generially aquires a gap for Beff 6= 0. Let
us denote by ∆(Beff) = ∆(m) suh a gap. The expansion
of the magnon dispersion for small q leads to
ωq ≃ I∆+ Iq
∂J⊥q
∂q
∣∣∣∣∣
q=0
= I∆+ c′q, (46)
where we have assumed a linear in q behavior for χ⊥s (q)
and dened c′ = I
∂J⊥q
∂q (q = 0). We assume ferromagneti
order and so c′ > 0. In the following we develop a simple
approah of the Landau type. Eq. (37) whih determines
the Curie temperature is still valid and now reads:
1 =
a2
I
∫
dq
(2π)2
1
eβI∆+βc′|q| − 1 , (47)
where β = 1/kBT . As before, we assume the linear dis-
persion to be valid for all q, whih naturally regularizes
the integral in the UV limit. The latter integral equation
an be rewritten in a more ompat form as
1 =
a2
2πI
1
(βc′)2
Li2(e
−βI∆(m(T ))), (48)
where Li2 is the dilogarithm funtion. Let us rst fous
on the magnetization m. >From Eq. (36) we have
m(T ) = I − a
2
2π
1
(βc′)2
Li2(e
−βI∆(m(T ))). (49)
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FIG. 2: Magnetization as a funtion of t0 = (T/T
0
c ) − 1 for
various values of the dimensionless parameter b. For small
values of b, the behavior desribed by Eq. (40) is reovered.
When T → Tc, m → 0 and hene ∆(m) → 0. Let us
denote by T 0c the Curie temperature obtained from Eq.
(37) by negleting Beff . We assume that the temperature
is below but lose to Tc. We an therefore expand the
gap as ∆ = ∆′m + · · · with ∆′ = d∆dm (m = 0). The
dilogarithm around ∆ = 0 then expands to:
Li2(e
−βI∆′m) =
π2
6
+ g(βI∆′m)− (βI∆
′)2
4
m2
+
(βI∆′)3
72
m3 + · · · , (50)
where g(x) = x(ln x− 1). Introduing the dimensionless
parameters t = T/Tc − 1, t0 = T/T 0c − 1, b = I∆′/kBTc,
the self-onsistent equation (49) for m(T ) beomes
m(t) = −2t0 + 6
π2
bm (1− ln(bm)) + 3b
2
2π2
m2
− b
3
12π2
m3 + · · · . (51)
This equation an be easily solved numerially. Note
that by integrating this equation with respet to m, one
obtains the Landau funtional.
In Fig. 2, we plotted the magnetization as a funtion
of t0 for various values of the dimensionless parameters
b. Two interesting features an be notied: First, Tc
inreases ompared to T 0c by inreasing b. Seond, the
magnetization rises sharply as T is lowered through Tc,
whih is reminisent of a rst order phase transition for a
system in the thermodynami limit. This eet beomes
pronouned at values of b ∼ 0.15.
Let us now estimate the value of b in our system. To
this end, we need to estimate ∆′ whih an be regarded
as the suseptibility of the suseptibility. Sine the limits
T → 0 and Beff → 0 for the suseptibility χs(T,Beff)
do not ommute,
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a little are is required. When the
nulear spins in the GaAs heterostruture are polarized,
they generate a rather large eetive magneti eld Beff
whih gives an eletroni Zeeman energy sale ∆(m = 1)
of the order IA ∼ O(1 K). This sale is muh larger
than the typial Curie temperature we estimated before.
In the ferromagneti phase, we are therefore in a regime
in whih ∆(m = 1)≫ kBT , where T is the temperature.
In this regime, one an use Ref. 34 to estimate ∆′ ∼
A3/E2F (akF )
2Γ2c , where Γc is the renormalized sattering
amplitude dened in (24). Using Eq. (37) for the Curie
temperature Tc, we an estimate b ∼ (akF )(A/EF )≪ 1.
Our problem thus orresponds to a regime in whih feed-
bak eets are negligible, whih justies the previous
isotropi approximation for the eletron spin suseptibil-
ity.
D. Spin wave analysis around a helial ground state
We have assumed so far that the ground state is fer-
romagneti. This assumption obviously depends on the
sign of δχs(q). We have seen that the RPTA predits
two possible senarios: Either δχs(q) < 0 in some range
of q (ase (b) in Fig. 1) or δχs(q) beomes negative above
some temperature T1. A positive sign, on the other hand,
is always obtained from LFFA. In ontrast, seond order
perturbation theory gives a negative sign for δχs(q), in-
dependent of the magnitude of q. If we assume that there
is a temperature range where δχs(q) < 0, this learly im-
plies that the assumption of ferromagneti order is invalid
sine the magnon spetrum has ωq < 0. This orresponds
to the situations (b) or () in Fig. 1, whih may depend
on the Fermi liquid parameters or arise when T exeeds
some temperature T1.
1. A new ground state
A dierent ground state for the nulear spins thus has
to be assumed. If the minimum of δχs(q) is reahed at
some nite wave vetor q1 ∼ kF , a reasonable ground
state of suh a system ould be an inommensurable he-
lial state, or a spiral state, with a wavelength of the helix
of the order of λ1 = 2π/q1.
We stress that, on the sale of the lattie spaing, the
RKKY interation remains ferromagneti, and the neigh-
boring nulear spins are still ferromagnetially aligned.
On the sale of the Fermi wavelength, however, opposite
spin alignment is favored. A gain in energy may be ob-
tained by a slow variation of the nulear spin alignment,
i.e. by helial order. If suh a nulear spin arrangement
is reahed for some temperature range, it implies that the
total magnetization vanishes over distanes muh longer
than λF .
We assume that the ground state of the nulear spins
is desribed by a loal magnetization mi = 〈Ii〉 that is
onned to the spin (x, y) plane and that rotates in spin
spae around the z-diretion. A full rotation is desribed
by the wavevetor q1.
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These mi play the role of the order parameter in the
system. In order to ompare with a ferromagnet, we an
haraterize the order by loally rotating the mi so that
they all map onto the same m0:
mi = Rim0 =

 cos(ri · q1) sin(ri · q1) 0− sin(ri · q1) cos(ri · q1) 0
0 0 1

m0,
(52)
where m0 = m(ri = 0) is the magnetization at site
ri = 0. Note that m0 has the same interpretation as
the average magnetization of a ferromagnet.
The helial ground state breaks the translational as
well as the rotational symmetry of the Hamiltonian in Eq.
(3). In partiular, the ground state is degenerate with
respet to a hange of the diretion of q1 in the 2DEG
plane. With the hoie of a spei diretion q1, this
symmetry is broken. There exists, therefore, a Goldstone
mode that tends to restore this rotational symmetry by
induing hanges on the diretion of q1. Obviously, suh
a mode would destroy the assumed order immediately.
Realistially, however, the spei helial state an be
pinned by the system, suh as by a disorder lattie on-
guration or by some Dzyaloshinskii-Moryia interations,
and the Goldstone mode beomes massive.
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In the fol-
lowing we will assume that this is the ase. Conretely
this means that exitations with small q in the perpen-
diular diretion of q1 are strongly suppressed.
2. Spin wave analysis
Our starting point is the eetive spin Hamiltonian
of Eq. (5) with an exhange interation matrix Jαβij =
Jαβ(|ri− rj |) dened in Eq. (6) that an be o-diagonal
in general. Sine Jαβij is proportional to the spin susepti-
bility, as an be seen from Eq. (A6), we an assume, how-
ever, that Jxxij = J
yy
ij and that J
αβ
ij = −Jβαij for α 6= β.
These assumptions are related to the onservation of the
total spin of the eletron system.
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A onvenient way to perform the spin wave analysis
is to rst perform a loal rotation of eah nulear spins
Ij as in Eq. (52) suh that they all beome parallel to
eah other like in a ferromagnet. We thus dene a loal
(right-handed) set of axes desribed by the unit vetors
e1i , e
2
i , e
3
i , with e
1
i being parallel to mi.
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In priniple, e2i
and e3i an be hosen arbitrarily. It is onvenient though
to hoose e3i parallel to the spin rotation axis z. Then we
an write Ii = I˜
1
i e
1
i+ I˜
2
i e
2
i+ I˜
3
i e
3
i . These new omponents
I˜αi are onneted to the original omponents I
α
i through
the matries Ri as (I˜
1
i , I˜
2
i , I˜
2
i )
T = R†i (I
x
i , I
y
i , I
z
i )
T
, where
T denotes here the transposition. Let Jij be the 3 × 3
matrix assoiated with Jαβij , then the Hamiltonian for the
nulear spins an be written as
Heff = −1
2
∑
ij
(I˜1i , I˜
2
i , I˜
3
i )RiJijR
†
j

I˜1jI˜2j
I˜3j

 . (53)
In this new basis, the spin-wave analysis is analogous to
the ferromagneti ase and rather standard (see e.g. Ref.
71).
The ground state energy of the helimagnet then be-
omes
E0 = −I
2N
2
Jxxq1 . (54)
Let us ompare Eq. (54) to the ground state energy of a
ferromagnet. If all spins are aligned along the x diretion
the ground state energy of the ferromagnet is
EFM0 = −
I2
2
∑
ij
Jxxij = −
I2N
2
Jxxq=0. (55)
The energy of the helial state is thus lower than that of
the ferromagnet if Jxxq1 > J
xx
q=0. Furthermore, the helial
state has the lowest energy at the wave vetor q1, where
Jxxq = J
yy
q has its maximum.
The low energy exitations above the ground state an
also be obtained in a straightforward manner from Eq.
(53). We nd the following two branhes of the spin wave
spetrum,
ω(1)q =
I
2
(Jxxq1 − Jxx|q1+q|), (56)
ω(2)q =
I
2
(Jxxq1 − Jzzq ). (57)
Clearly, ω
(1)
q = 0 at q = 0. On the other hand, we
see that the helial ground state an only be stable if
ω
(2)
q ≥ 0, whih means that Jzz|q| must not exeed Jxxq1 in
the viinity of q ≈ 0. If Jzzq = Jxxq this is indeed the
ase. The seond branh, ω
(2)
q , then has a gap.
3. Eet of gapless modes
We see that there is a gapless mode ωq in the system,
given by Eq. (56). If q is suh that |q1+q| = q1, then ωq
remains stritly zero. This is the aforementioned Gold-
stone mode. Suh utuations, therefore, are assumed to
aquire a mass, assoiated with an energy sale ∆G. In
the longitudinal diretion, however, where q is parallel
to q1, ωq grows for |q1 + q| > q1 and |q1 + q| < q1 pro-
portionally to the inrease of χs(|q1+q|) with respet to
its minimum.
The minima of the spin wave spetrum are pushed to
nite momenta q, notably to the minimum of the spin
suseptibility χs(q) at nite q = q1. Provided χs(q) re-
mains analyti around the minimum at q1, it no longer
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grows linearly but, in general, as (q − q1)2. The system,
therefore, an no longer benet from a linear χs(q) to sta-
bilize the ferromagneti order and dierent, nonuniversal,
energy and length sales will aet the Curie temperature
Tc (see below).
We have seen above that the quantity m0 = |m0| an
be used as the order parameter of the helial state. Every
spin wave reduesm0, and we an thus use again Eq. (36)
in order to express how the average loal magnetization
is redued by the spin exitations,
m0 = I − a2
∫
dq
(2π)2
1
eβωq − 1 . (58)
For q → 0, the integrand beomes singular as 1/q2.72
The singularity annot be ompensated by the fator q
of the spherial integration measure q dq as in the pre-
viously disussed ferromagneti ase. This is the same
situation that is met when alulating spin wave ex-
itations for systems without long-ranged interations.
There the singularity is diretly linked to the Mermin-
Wagner theorem.
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In the present ase, however, the
small q values are ut o at some nite inverse length
sale π/L, assoiated with the energy ∆, the infrared
ut-o frequeny introdued in Se. III.
The sale L lifts the singularity in the integral (58) by
utting o the momentum at q ≈ π/L, and so by ee-
tively opening a gap for the exitations. The spin system
an maintain a quasi-order over the length L. An ad-
ditional redution of the singularity also arises from the
fat that the system is not truly 2D but a layer with a
nite width wz , ontaining about 50-100 planes of nu-
lear spins (see also App. A). This length sale, however,
must be ompared with the typially muh longer wave-
lengths of the spin waves, and thus an only aount for
a partial regularization. The singularity is dominated
by the minimal urvature of ωq in all diretions of q.
In the present ase there are two main diretions, the
longitudinal one parallel to q1, where ωq = Cq
2
, with
C = −∂2Jq/∂q2|q=q1 , and the transverse one perpendi-
ular to q1, where the urvature is imposed by ∆G. For
the stability of the ground state we must assume that
the pinning strength ∆G is large ompared to the ener-
gies imposed by the Jαβq . The singularity in Eq. (58) is
thus dominated by 1/βCq2
Let us assume L ∼ 10µm. Cutting o the upper inte-
gration limit by kF , the singular part of Eq. (58) beomes
∫ kF
pi/L
dq
Cβq
=
1
Cβ
ln(kFL/π). (59)
The logarithm yields a fator exeeding one. The heli-
al order annot be stable if the expression in Eq. (59)
beomes larger than one. This allows us to dene a tem-
perature
kBT
G =
C
Ia2 ln(kFL/π)
, (60)
above whih the gapless mode denitely destroys the he-
lial order.
We see that muh of the stability depends on the
value of C, whih means, on the urvature of χs(q)
around its minimum at q1. We an very roughly esti-
mate C/a2 ∼ Jq1/(akF )2, and see that this temperature
TG an atually be quite high. Let us now write the
integral in Eq. (58) in the form
∫
dq
(2π)2
1
eβωq − 1 =
ln(kFL/π)
βC
+
∫
|q|>kF
dq
(2π)2
1
eβωq − 1 . (61)
Let us now further introdue a temperature T ∗∗, similar
to the temperature T ∗ for the ferromagneti ase, below
whih the integral determining m0 is entirely dominated
by the quadrati dispersion behavior. This means we
assume that ωq ≈ Cq2 (in the diretion parallel to q1)
up to a q∗∗ < q1, kF . We an set
T ∗∗ = C(q∗∗)2/kB. (62)
For T1 < T < T
∗∗
, therefore, Eq. (61) is ontrolled
entirely by the rst logarithmi part. We thus obtain
m0 ≈ I − a2 ln(kFL/π)
C
kBT = I(1− T/TG). (63)
valid for T < T ∗∗ .
The temperature TG an be seen as a generalization of
Tc for the helial ase. It diers from the ferromagneti
ase through its dependene on external, non-universal
ut-o sales. This loss of universality is an essential dif-
ferene ompared to the previously studied ferromagneti
order. This also indiates that the helial order is muh
more fragile with respet to external onditions than the
ferromagneti order.
At higher temperatures the formation of defets and
magneti domains will further tend to destabilize the or-
der as well. It is therefore possible that the helial order
is destroyed well below TG.
V. CONCLUSION AND DISCUSSION
Summary In this paper we have examined the interplay
between an interating eletron liquid in 2D with mag-
neti order in a lattie of nulear spins. We have based
our investigation on a Kondo lattie model, in whih the
eletrons ouple weakly to the nulear spins through the
hyperne interations. In this way, an eetive oupling
of the RKKY type is indued between the nulear spins
whih, as obtained through a Shrieer-Wol transfor-
mation, is expressed in terms of the stati eletron spin
suseptibility χs(q).
Eletron-eletron interations in 2D an substantially
modify the shape of χs(q) and therefore profoundly aet
the magneti properties of the nulear spin system. A
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magneti order an arise beause the onditions for the
Mermin-Wagner theorem are not met due to the long-
range harater of χs(r). Muh depends thus on the pre-
ise shape of χs(q). Based on a renormalized perturba-
tion theory we argued that for short-ranged interations,
χs(q) should have the forms skethed in Fig. 1. When
renormalization of the sattering amplitudes is impor-
tant, χs(q) has two extrema at values q0, q1 ∼ kF , whih
lead to the two generi situations labeled by (a) and (b)
in Fig. 1. If renormalization eets are unimportant,
this leads to the form () as skethed in Fig. 1. The dis-
tintion between (a), (b), and () is non-universal and,
presumably, depends on the sample disorder, the inter-
ations, and the temperature.
For long-ranged Coulomb interations, on the other
hand, a alulation based on a loal eld fator ap-
proximation produes a monotoni inrease of χs(q) (not
skethed in Fig. 1).
Suh a monotoni inrease or the ase (a) stabilize a
nulear ferromagnet. In the ase (b) the ferromagneti
order has an instability at the wave vetor q1 ∼ kF , whih
orresponds to the absolute minimum of χs(q), but fer-
romagneti oupling is maintained at short distanes (as
ompared to the Fermi wavelength). Similar behavior
emerges also for ase (). We argued that the nulear
ground state then has a quasi-order whih is (nearly)
ferromagneti on short distanes but rotates the loal
magnetization on a sale of 1/q1, thus providing a helial
order.
Experimental impliations The transition temperature
Tc desribes the temperature above whih the magneti
order breaks down. While the mean eld approximation
predits a very low transition temperature of the order of
∼ 1µK, we have seen that eletron-eletron interations
an onsiderably inrease the value of Tc. From our var-
ious approximation shemes we obtain a Tc in the mK
range for both short-ranged and long-ranged interations
for rs = 5− 10 (see Se. IVB3).
If temperature is dereased below Tc, the nulear spins
order and generate an eetive magneti eld Beff , whih
an be very large in GaAs 2DEGs, this being in on-
trast to Si MOSFETs, whih have a muh smaller Over-
hauser eld. This internal magneti eld has impor-
tant onsequenes for the thermodynami behavior of the
eletron spin suseptibility, whih an be derived from
the non-analyti dependene of χs(T,Beff) on temper-
ature and magneti eld following Ref. 34 (the lim-
its T → 0 and Beff → 0 do not ommute). In a Si
MOSFET 2DEG, we expet gµBBeff ≪ kBTc and there-
fore the alulated and observed
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linear in T behav-
ior of χs(T ) is also valid below Tc. However, in GaAs
2DEGs one has learly gµBBeff ≫ kBTc, and one may
therefore expet (χs(T ) − χs(0)) ∝ T above Tc and
(χs(T )−χs(0)) ∝ m ∝ [1−(T/Tc)2] below Tc in ontrast
to Si MOSFETs. This implies an upturn of χs(T ) around
T = Tc in a GaAs 2DEG.
Open questions There remain many open questions.
Mainly, a detailed study of χs(q) at values q ∼ 2kF
ould larify the senarios qualitatively skethed in Fig. 1.
Monte Carlo simulations and experiments may provide
further insight here. It would be desirable to establish a
general magneti phase diagram for the nulear spins as
a funtion of rs and T . Possible new phases suh as a
nulear spin glass phase are likely due to the omplexity
and rihness of the problem. Finally, disorder may play
an important role by providing a further ut-o length,
and the interplay with eletron-eletron interations re-
quires a separate investigation.
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APPENDIX A: DERIVATION OF THE
EFFECTIVE MAGNETIC LOW ENERGY
HAMILTONIAN
1. Eetive Hamiltonian
We start from the general Kondo lattie Hamiltonian
in Eq. (1) with Hdd = 0. Sine A is a small energy
sale in our ase, we an perform a Shrieer-Wol (SW)
transformation in order to eliminate terms linear in A,
followed by integrating out the eletroni degrees of
freedom. Keeping the lowest order terms in A2 of the
SW transformation, we are left with an eetive intera-
tion Hamiltonian HSW that reads
HSW = H0 − 1
2
[S, [S,H0]]. (A1)
S is dened by Hn + [S,H0] = 0, whih is solved as
S = L−10 Hn, where L0 is the Liouvillian superoperator.
Let us dene
U =
1
2
[S, [S,H0]], (A2)
whih an be rewritten as U = 12 [L
−1
0 Hn, Hn]. Using an
integral representation for L−10 = −i
∞∫
0
dtei(L0+iη)t, one
obtains
U = − i
2
∫ ∞
0
dte−ηt[Hn(t), Hn], (A3)
where Hn(t) = e
iL0tHn = e
iH0tHne
−iH0t
, and η → 0+
ensures the onvergene of the time integration. Using
the denition of Hn given in Eq. (2), we are left in q-
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spae with
U = − iA
2
8N2l
∑
q,q′
∫ ∞
0
dte−ηt[Iq · Sq(t), Iq′ · Sq′ ]
= − iA
2
8N2l
∑
q,q′
∫ ∞
0
dte−ηt
{
Iαq I
β
q′ [S
α
q (t), S
β
q′ ] (A4)
+ [Iαq , I
β
q′ ]S
β
q′S
α
q (t)
}
.
Summation over Greek indies is implied. The rst om-
mutator enters the denition of the suseptibility in Eq.
(A6) below. The seond ommutator an be straightfor-
wardly omputed by going bak to real spae. We obtain
[Iαq , I
β
q′ ] = iε
αβγIγq+q′ where ε
αβγ
is the fully antisym-
metri tensor.
We next take the equilibrium expetation value over
eletroni degrees of freedom only, denoted by 〈. . .〉.
Furthermore, we assume translational invariane in the
2DEG, whih implies 〈OqOq′〉 = N〈OqO−q〉δq+q′,0, with
N being the number of sites in a 2D lattie. Sine H0 has
time-reversal symmetry the term proportional to ǫαβγIγ
in Eq. (A4) drops out. Together with the redution to
a 2D problem (disussed below), this allows us to bring
〈U〉 to a muh simpler form,
〈U〉 = A
2
8N
a2
∑
q
Iαq χαβ(q) I
β
−q , (A5)
where ns = a
−2
is the 2D nulear spin density. The
quantity
χαβ(q, ω) = − i
Na2
∫ ∞
0
dt e−iωt−ηt〈[Sαq (t), Sβ−q]〉 (A6)
is the 2D eletron spin suseptibility whih inludes
eletron-eletron interations.
2. Redution to 2D
As already mentioned, the eletron gas is not stritly
2D but has a nite thikness, typially of the order of
wz ∼ 5 nm and therefore ontains several layers of 2D
nulear spin planes. However, using that the eletron
wave funtion is onned in the third dimension (z-
diretion), we an redue the original 3D system to an
eetive 2D one. Let us suppose a lattie site is labeled
by rj = (rj//, zj), where (rj// is the planar oordinate
and zj the position in the perpendiular diretion. We
onsider Nz ∼ 50 layers suh that Nl = N ×Nz.
If we assume that wz is suiently small so that the
eletrons are onned in a single mode φ(z) in the z-
diretion, all nulear spins in a olumn along the z-
diretion ouple to the same eletron wave funtion.
Flutuations of the nulear spins along this diretion are
expeted to be weak. In a mean-eld-like desription, we
may thus replae the olumn by a single 2D nulear spin
as follows. Let us separate out the perpendiular mode
from the eletron spin operator as
Si(ri//, zi) −→
|φ(zi)|2
wz
Si(ri//), (A7)
with Si(ri//) being a 2D eletron spin operator. The
mode φ(zi) an then be used as an envelope funtion for
the nulear spins
Ii(ri//) =
1
wz
∫
dzi|φ(zi)|2Ii(ri//, zi). (A8)
Sine wz is determined by wz =
∫
dz|φ(z)|2, these new
operators Ii(ri//) satisfy the standard spin ommutation
relations. The remaining Hamiltonian is now stritly 2D.
Alternatively, we an argue as follows. Sine k−1F ≫
wz, we an approximate |ri − rj | ≈ |ri// − rj//| and
therefore
1
Nz
Nz∑
zi,zj=1
Jαβ(|ri − rj |)Iαi Iβj ≈
(
1√
Nz
∑
zi
Iαi (ri//, zi)
)
×Jαβ(|ri// − rj//|)

 1√
Nz
∑
zj
Iβj (rj//, zj)

 . (A9)
This amounts to replaing a single nulear spin
at position (rj//, zj) by an average nulear spin
1√
Nz
∑
zj
Ij(rj//, zj). This is fully onsistent with the fat
that the RKKY interation is almost onstant and ferro-
magneti in the z-diretion perpendiular to the 2DEG
(this is at least the ase for the RKKY interation ob-
tained by negleting eletron-eletron interations but we
expet that the interations do not modify signiantly
the RKKY interations in the z-diretion).
Our problem has now been redued to a 2D system on-
sisting of N = Nl/Nz nulear spins interating with long-
ranged interations. The eetive nulear spin Hamilto-
nian Heff = 〈U〉 is nally given by Eq. (3).
1
Semiondutor Spintronis and Quantum Computing,
edited by D. D. Awshalom, N. Samarth, and D. Loss
(Springer-Verlag, Berlin, 2002).
2
V. Cerletti, W. A Coish, O. Gwyat, and D. Loss, Nan-
otehnology 16, R27 (2005);
3
R. Hanson, L. P. Kouwenhoven, J. R. Petta, S. Taruha,
and L. M. K. Vandersypen, Rev. Mod. Phys. 79, 1217
(2007).
4
D. Loss and D. P. DiVinenzo, Phys. Rev. A 57, 120
(1998).
5
J. R. Petta, A. C. Johnson, J. M. Taylor, E. Laird, A.
Yaoby, M. D. Lukin, and C. M. Marus, Siene 309,
17
2180 (2005).
6
F. H. L. Koppens, C. Buizert, K. J. Tielrooij, I. T. Vink,
K. C. Nowak, T. Meunier, L. P. Kouwenhoven, and L. M.
K. Vandersypen, Nature 442, 766 (2006).
7
M. Kroutvar, Y. Duommun, D. Heiss, M. Bihler, D.
Shuh, G. Abstreiter, and J. J. Finley, Nature 432, 81
(2004).
8
J. M. Elzerman, R. Hanson, L. H. W. van Beveren, B.
Witkamp, L. M. Vandersypen, and L. P. Kouwenhoven,
Nature 430, 431 (2004).
9
S. Amasha, K. MaLean, I. Radu, D. Zumbühl, M. Kast-
ner, M. Hanson, and A. Gossard, arXiv:ond-mat/0607110
(2006).
10
J. M. Kikkawa and D. D. Awshalom, Phys. Rev. Lett. 80,
4313 (1998).
11
G. Burkard, D. Loss, and D. P. DiVinenzo, Phys. Rev. B
59, 2070 (1999).
12
A. C. Johnson, J. R. Petta, J. M. Taylor, M. D. Lukin,
C. M. Marus, M. P. Hanson, and A. C. Gossard, Nature
435, 925 (2005).
13
E. A. Laird, J. R. Petta, A. C. Johnson, C. M. Marus,
A. Yaoby, M. P. Hanson, and A. C. Gossard, Phys. Rev.
Lett. 97, 056801 (2006).
14
W. A. Coish and D. Loss, Phys. Rev. B 70, 195340 (2004).
15
D. Klauser, W. A. Coish, and D. Loss, Phys. Rev. B,73,
205302 (2006).
16
D. Stepanenko, G. Burkard, G. Giedke, and A. Imamoglu,
Phys. Rev. Lett. 96, 136401 (2006).
17
A. V. Khaetskii, D. Loss, and L. Glazman, Phys. Rev. Lett.
88, 186802 (2002); Phys. Rev. B 67, 195329 (2003).
18
A. Imamoglu, E. Knill, L. Tian, and P. Zoller, Phys. Rev.
Lett. 91, 017402 (2003).
19
A. S. Brakner et al., Phys. Rev. Lett. 94, 047402 (2005).
20
P. Simon and D. Loss, Phys. Rev. Lett. 98, 156401 (2007).
21
C. Kittel, Quantum theory of Solids, (Wiley & Sons, New
York, 1987).
22
H. Fröhlih and F. R. N. Nabarro, Pro. Roy. So. (Lon-
don) A 175, 382 (1940).
23
N. D. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133
(1966).
24
P. Bruno, Phys. Rev. Lett. 87, 137203 (2001).
25
D. Belitz, T. R. Kirkpatrik, and T. Vojta, Phys. Rev. B
55, 9452 (1997).
26
D. S. Hirashima and H. Takahashi, J. Phys. So. Jpn. 67,
3816 (1998).
27
S. Misawa, J. Phys. So. Jpn. 68, 2172 (1998).
28
G. Y. Chitov and A. J. Millis, Phys. Rev. Lett. 86, 5337
(2001); Phys. Rev. B 64, 054414 (2001).
29
A. V. Chubukov and D. L. Maslov, Phys. Rev. B 68,
155113 (2003).
30
S. Gangadharaiah, D. L. Maslov, A. V. Chubukov, and
L. I. Glazman, Phys. Rev. Lett. 94, 156407 (2005); A. V.
Chubukov, D. Maslov, S. Gangadharaiah, and L. I. Glaz-
man, Phys. Rev. B 71, 205112 (2005); D. L. Maslov, A. V.
Chubukov, and R. Saha, Phys. Rev. B 74, 220402 (2006).
31
A. V. Chubukov, D. L. Maslov, and A. J. Millis, Phys.
Rev. B 73, 045128 (2006)
32
G. Shwiete and K. B. Efetov, Phys. Rev. B 74, 165108
(2006). I. L. Aleiner and K. B. Efetov, Phys. Rev. B 74,
075102 (2006).
33
A. Shekhter and A. M. Finkel'stein, Phys. Rev. B 74,
205122 (2006).
34
A. Shekhter and A. M. Finkel'stein, Pro. Natl. Aad. Si.
U.S.A. 103, 15765 (2006).
35
P. Prus, Y. Yaish, M. Reznikov, U. Sivan, and V. Pudalov,
Phys. Rev. B 67, 205407 (2003).
36
Note that due to dierent sign onventions for χs(0) in
the literature, the seond order perturbative alulation of
χs(q)−χs(0) used in Ref. 20 appears with an inorret sign.
Within this approximation, a ferromagneti ground state
is unstable ontrary to what was found in Ref. 20. This is
in ontrast to the loal eld fator approximation whih
predits the ferromagneti ground state to be stable.
20
37
D. Paget, G. Lampel, B. Sapoval, and V. I. Safranov, Phys.
Rev. B 15, 5780, (1977).
38
M. Imada, A. Fujimori, and Y. Tokura, Rev. Mod. Phys.
70, 1039 (1998).
39
H. Tsunetsugu, M. Sigrist, and K. Ueda, Rev. Mod. Phys.
69, 809 (1997).
40
P. A. Lee, T. M. Rie, J. W. Serene, L. J. Sham, and J. W.
Wilkins, Comments Condens. Matter Phys. 12, 99 (1986).
41
A. Sharma and W. Nolting, J. Phys. Condens. Matter 18
7337 (2006); C. Santos, W. Nolting, and V. Eyert, Phys.
Rev. B 69, 214412 (2004).
42
H. Ohno, Siene 281, 951 (1998).
43
T. Jungwirth, J. Sinova, J. Ma sek, J. Ku era, and A. H.
MaDonald, Rev. Mod. Phys. 78, 809 (2006).
44
Ph. Nozières, Eur. Phys. J. B 6 447, (1998); Ph. Nozières,
J. Phys. So. Jpn 74, 4 (2005).
45
J. König, H.-H. Lin, and A. M Donald, Phys. Rev. Lett
84, 5628 (2000).
46
G. F. Giuliani and G. Vignale, Quantum Theory of the
Eletron Liquid, Cambridge University Press (2005).
47
The fator (−2i) is missing in Ref. 46, p. 309.
48
G. Senatore, S. Moroni, and D. Varsano, Sol. State. Comm.
119, 333 (2001).
49
D. S. Saraga, B. L. Altshuler, D. Loss, and R. M. Wester-
welt, Phys. Rev. B 71, 045338 (2005).
50
L. N. Cooper, Phys. Rev. 104. 1189 (1956).
51
G. D. Mahan, Many Partiles Physis (Plenum, New York,
2000).
52
W. Kohn and J. M. Luttinger, Phys. Rev. Lett. 15, 524
(1965).
53
A. V. Chubukov, Phys. Rev. B 48, 1097 (1993).
54
V. M. Galitski and S. Das Sarma, Phys. Rev. B 67, 144520
(2003).
55
J. M. Luttinger, Phys. Rev. 150, 202 (1966).
56
J. Hubbard, Pro. Roy. So. (London) A 243, 336 (1957).
57
N. Iwamoto, E. Krotshek, and D. Pines, Phys. Rev. B
29, 3936 (1984).
58
P. Gori-Giorgi, S. Moroni, and G. B. Bahelet Phys. Rev.
B 70, 115102 (2004).
59
G. Senatore, S. Moroni, and D. M. Ceperley, in Quantum
Monte Carlo Methods in Physis and Chemistry, edited by
M. P. Nightingale and C. J. Umrigar (Kluwer, Dordreht,
1999).
60
S. Moroni, D. M. Ceperley, and G. Senatore, Phys. Rev.
Lett. 75, 689 (1995).
61
B. Davoudi, M. Polini, G. F. Giuliani, and M. P. Tosi,
Phys. Rev. B 64, 233110 (2001).
62
A visual inspetion of the urvature at the origin of the
QMC data in Refs. 46,59 suggests dχs/dq(q = 0) < 0 (ase
() in Fig. 1) for small rs, and dχs/dq(q = 0) > 0 at larger
rs >∼ 5 (ase (a) or (b) in Fig. 1). If this is orret, this
would imply that there is a nite value of rs > 1 where
dχs/dq(q = 0) = 0 as in the non-interating ase.
63
We note that the estimate of T0 given in Ref. 33 is several
orders of magnitude larger than the typial Curie temper-
18
ature Tc found here; it seems thus reasonable to assume
that T1 > Tc, although T1 may be muh smaller than T0.
64
C. Laroix and M. Cyrot, Phys. Rev. B 20, 1969 (1979).
65
N. W. ashroft and N. D. Mernin, Solid State Physis,
Saunders College Publishing, (1976).
66
N.N. Bogolyubov and S.V. Tyablikov, Dok. Akad. Nauk
SSSR 126, 53 (1959) [Sov. Phys. Dokl. 4, 589 (1959)℄.
67
In the RPTA, ωq ≈ cq/ ln
2(vF q/kBTL) at large q, but at
low q <∼ ∆/vF ∼ kF , ωq ≈ cq/ ln
2(∆/kBTL) (see Eq. 26)
and is therefore linear in q in the range of interest for spin
waves.
68
D. Belitz, T. R. Kirkpatrik, and A. Rosh, Phys. Rev. B
73, 054431 (2006).
69
The Jαβij are proportional to the spin suseptibilities χ
αβ
ij ∝R
∞
0
dt[Sαi (t), S
β
j ] (see Eq. (A6)). If the total spin of the
eletron system is onserved, we have χxxij = χ
yy
ij ∝R
∞
0
dt([S+i (t), S
−
j ] + [S
−
i (t), S
+
j ]), and χ
xy
ij = −χ
yx
ij ∝
i
R
∞
0
dt([S+i (t), S
−
j ] − [S
−
i (t), S
+
j ]), with S
±
i = S
x
i ± iS
y
i .
Furthermore, if the eletron system is time-reversal invari-
ant, we expet that χαβij = 0 for α 6= β beause it allows us
to interhange the roles of the eletron spins ↑ and ↓. By
the same reasoning, we nd Jzzij = J
xx
ij as well. In order
to maintain a bit of more generality, however, we keep Jzzij
here distint from Jxxij and J
yy
ij .
70
F. Shütz, M. Kollar, and P. Kopietz, Phys. Rev. Lett. 91,
017205 (2003).
71
S. V. Maleyev, Phys. Rev. B 73, 174402 (2006).
72
We assume for the analysis of Eq. (58) that χs(q) remains
analyti in the viinity of its minimum at q1, and therefore
χs(q) ∝ (q − q1)
2
. If, however, χs(q) has a usp at q1, we
have χs(q) ∝ |q − q1| with two dierent slopes for q >
q1 and q < q1 respetively. The integral in Eq. (58) is
no longer divergent, and the disussion of the transition
temperature follows along the lines of Se. IVB.
